Abstract. Two main results are presented in relation to subordination, self-decomposability and semi-stability. One of the result is that strict semi-stability of subordinand process by selfdecomposable subordinator gives semi-selfdecomposability of the subordinated process. The second result is a sufficient condition for any subordinated process arising from a semi-stable subordinand and a semi-stable subordinator to be semi-selfdecomposable.
Introduction and results
Denote the class of distributions (probability measures) on R (1.1) . This notion is introduced and characterized in Maejima and Naito [5] as an extension of self-decomposability on one hand and semi-stability on the other. Many distributions are known to be semi-selfdecomposable and their importance has been increasing in mathematical physics. See Maejima and Naito [5] and Sato [7] . The class of all semi-selfdecomposable distributions satisfying (
It is called strictly semi-stable if c can be taken to be 0. If µ is nontrivial semi-stable, then b and c in the above definition are uniquely determined by a, and there is α such that b α = a. The class of all semistable distributions satisfying (1.2) and the class of all strictly semistable distributions satisfying (1.2) with c = 0 are denoted by S(b, α) and
A subordinator is an increasing Lévy process on R. Let {T (t)} be a subordinator on R and {X(t)} be a Lévy process on R d . Subordination is a transformation of {X(t)} to a new process {Y (t)} defined by composition as Y (t) = X(T (t))through random time change by {T (t)}, where {X(t)} and {T (t)} are assumed to be independent. It is extensively studied in Sato [7, Chapter 6] . Its importance has been increasing in mathematical finance. See Barndorff-Nielsen, et.al [1] and BarndorffNielsen and Shephard [2] . An interesting problem is what properties of {X(t)} and {T (t)} give certain desirable properties of {Y (t)}. In this paper, we treat this problem in association with self-decomposability, semi-stability and stability.
Our basic results are the following two theorems.
It is known that if subordinand {X(t)} is strictly stable and subordinator {T (t)} is self-decomposable, then the subordinated process {Y (t)} is self-decomposable. This is studied by Sato [8] and Bondesson [3] . A multivariate generalization of this fact is given in Theorem 6.1 of Barndorff-Nielsen et al. [1] . In Theorem 1.1, we consider this fact to the case where the subordinand {X(t)} is a strictly semi-stable process. Proofs of Theorems 1.1 and 1.2 are given in Sections 2 and 3.
If {X(t)} is strictly α-stable and subordinator {T (t)} is strictly β-stable, then, as is well-know, the subordinated process {Y (t)} is strictly αβ-stable. It is an interesting problem to see whether this can be generalized to semi-stable case. Proposition 3.1 is the answer to this problem under the additional assumption in Theorem 1.2, which is treated in Section 3. Theorem 1.2 is an extension of Proposition 3.1 to the case where the subordinand {X(t)} is strictly semi-stable and subordinator {T (t)} is semi-stable. In the case when α 1 log b 1 / log b 2 is an irrational number, we do not know whether Theorem 1.2 holds. : |ξ| = 1}, λ is a finite measure on S, and k ξ (u) is measurable in ξ, decreasing in u, and nonnegative. We are using the words increase and decrease in the weak sense. The condition (2.1) is equivalent to saying that, for every B ∈ B(R d ) and b > 1,
See Sato [7] for review on self-decomposable distributions.
It is a necessary and sufficient condition for µ∈
which is given in Sato [7] and Maejima and Naito [5] . It is well-known (see Theorem 30.1 of Sato [7] ) that {T (t)} is a subordinator with the Lévy representation (A, ρ, β) and κ = L(T (1)) if and only if
where, for any complex w with Rew ≤ 0,
Let {X(t)} be a Lévy process with the Lévy presentation (A, ν, γ) on R d and {T (t)} be a subordinator with the Lévy representation (A, ρ, β) on R. Then, from Theorem 30.1 of Sato [7] , the subordinated process {Y (t)} = {X(T (t))} is a Lévy process with the Lévy representation
Proof of theorem 1.1. Let {X(t)}, {T (t)}, and {Y (t)} be as above. By (2.5), we see that, for some b > 1,
which is equivalent to (1.2) with γ = 0. Suppose that {T (t)} is selfdecomposable. Then (2.1) shows that
where C = λ(1), k 1 (u) is decreasing in u and nonnegative. Thus, we have that 
